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Some approximation results on modified positive
linear operators
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ABSTRACT:Recently Deo N.et.al. (Appl. Maths. Compt., 201(2008), 604-612.) introduced a new Bernstein type special operators. Motivated by Deo N.et.al.,
in this paper we introduce special class of positive linear operators and shall study some approximation results on it.

1. INTRODUCTION
Recently Deo N.et.al. [1] Introduced new Bernstein type
special operators {V, f} defined as,

a)®) = g P COF (£) e (L1)

n n n—-k

where p) = (1+) () (g =)

for 0<x<

n+1

Again Deo N.et.al. [1] gave the integral modification of the
operators (1.1) which are defined as,

160 =1 (142)' S et [Frusto s
k=0 0

e (1.2)
and prove some approximation results on the operators
(1.2).

Singh S.P. [4] studied some approximation results on a
sequence of Sza sz type operators defined as,

k
(Sn,xf)(t) = z bn,k(t)f (X + ;). [ (13)
k=0
e MO o
" o x € [0,00)is fixed.

which map the space of bounded continuous
funtions C 5[0, ) into itself following [3].

Kasana H.S. et. el. [2] obtained a sequence of modified
Szasz operators for integrable function on [0,) defined as,

where b, (t) =e

(Mol ) = M (P00
=13 bus(®) [ bus) f+ )y (1)
k=0 0

where t,x € [0,) and x is fixed.

Motivated by Deo N.et.al.[1] we introduce a sequence of
positive linear operators {B, f} which are defined as,

(Buf)0X) ] )
12 kxk (net
=n (1 + ;) e_("+p)x (n +kpl) * ‘{O Pnk (t) f(t)dt

k=0

e (L5)

1\" n n—k

where p,(t) = (1 + ;) (k) tk (n 1 t) ;
for te [O,ﬁ]

we shall study some approximation results on the operators
(1.5).

p >0 and

Again following Kasana H.S. et. el. [2] we introduce a
sequence of positive linear operators {B,,,f} which are
defined as,

(Buxf)(®)
=n (1 + 1)2 e~ (Pt (n+p)et
n

b | P Fr )y

k=0

e (1.6)
where t,x € [0,%] and x is fixed.

and shall study some approximation results on the
operators (1.6).

2. BASIC RESULTS-I

In order to prove our main result, the following basic
results are needed.

(n+p)kxk

1. e-(ntp)x Yo, o k=mn+px .....(210)

k,.k
2. e (mtex Zfzo%kz =n+p)2x?+ (n+p)x
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3. e mipxye 7(”7:]{"]{ k3 =
n+p)Bx3+3(n+p)2x2+ n+p)...(2.3)
4, e (mtpxye (ALl iy (n+p)*x*+6(n+
. k=0T = p

P)3X3+7(n+p)2x2+(n+p)x ....(2.4)

PROOF OF BASIC RESULTS-I
We know that

o0

k ..k
R ek

o e a2 (2.5)

k=0

Differentiating with respect to x, we get

- (n +p)*kxk1

(ntp)x —
(n + pe™r = =

k=0

Multiplying x both sides, we get

k., k
(n+ p)xe™Px = g O - (26)

- o (n+p)"xk
(n+p)x = e"P gy (DL

This completes the proof of (2.1).
Again differentiating (2.6) with respect to x, we get

O (1 + p)Kka !

(n +p)2xe™P* 4 (n + p)e™P¥ = i

k=0

Multiplying x both sides, we get

— (n+p)kx*

2
k! k

(n +p)2xze(n+p)x + (n + p)xe(n+p)x —
k=0

(27
— (n+p)kx*

2
k! k

[(n+p)2x% + (n+p)x]e™P)* =
k=0

(n+p)fxk 5
k! k

[(n+P)*x* + (n+p)x] = e™™ P Ei,
This completes the proof of (2.2).

In the same way after differentiations and calculations, we
get required result s (2.3) and (2.4).

3 BASIC RESULTS-II

1 B.Hx)=1 (2.8)
2. Bt)x)>x as n - o ... (2.9)
3. B,tH(x)—>x2 as n > o ... (2.10)
4. (B,t*)(x) =

n3[(n+p)3x3+9(n+p)?x2+18(n+p)x+6]

(n+1)3 (n+2) (n+3) (n+4)

5. (But*)(x) =

n*[(n+p)*x*+16(n+p)3x3+72 (n+p)?x2+96 (n+p)x+24 | (2 12)
(n+1)* (n+2) (n+3) (n+4) (n+5) . .

6. (B, (t — x)) (x) = Hitp=9x-2x . (213)

(n+1) (n+2)

7. (B, (t—x)*)(x) =

n3(2x—x2)+n?[(p?+11)x2+(4p—8)x+2]+n[(17-12p)x 2 — 6x | +6x2

A (214

(n+1)2 (n+2) (n+3)
8. (B, (t —x)*)(x) =0 (i) e (2.15)
9, (B, (t—)H(x) =0 (ni) e (2.16)

Proof of Basic Results-II.

By putting f(t) =1 in equation (1.5), we get

2

= k ..k
(Bnl)(x):n(1+%) ot N (1 P

k!

k=0

At 1" n—k
[ @G e

= (n + p)kxk 1( n )2

1 2
=n(1+ _) ~(n+p)x 2z
n( n ¢ k! n \n+1

k=0

5

— e—(n+p)x (1’1 + p)kxk =1
- k! -

k=0
This completes the proof of (2.8).
By putting f(t) =t inequation (1.5), we get

- (n+p)kx*

1 2
Bat)() = (1+) e7me
n k!

k=0

= 1" n—k
[T @G e

S (n+p)kxk (k+1) ( n )3

1 2
:n(1+—) e~ (ntp)x
n

] k! nn+2) \n+1
I SR et o G i
nm+1)n+2) ] k!
= k. k
o e N (D) 11
k!
k=0
n

ShrDmey (rpx

_nn+p)x+n
S+ 1) (m+2)

(B.t)(x) > x as n — oo,
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This completes the proof of (2.9).

By putting f(t) =t? inequation (1.5), we get

12 = (n+ p)kxk
2 — - —(n+p)x N
(B,t2)(x) n(l—i—n) e z
k=0
P+ 1\ ny (M nk
_’; ( n )(k)t (n+1_t) thdt

2

i ko, .k
:n(Hl) ot T (2 +P)X"
n

k!

k=0

k+1D)(k+2) n \*
nn+2)(n+3) (n + 1)

— le —(n+p)x C (n+p)kxk 2
_(n+1)2(n+2)(n+3)16( v Z ok

k=0

i K,k
4+ g~ (ntp)x Mgk

k=0

i k. k
b ey P 2}

k=0

_ n?[(n+p)?x® + 4+ p)x + 2]
- n+1)2(n+2)(n+3)

B, t)(x)>x* as n - =,
This completes the proof of (2.10).

In the same way by taking fe)y=t* & f(t)=t*
respectively in (1.5) and after little calculations we get
required results (2.11) to (2.16).

This completes the proof.

4. MAIN RESULTS
In this section we shall give our main result.
Reference Theorem :- Let f Dbe the integrable and

bounded in the interval [0 s ﬁ] and letif f"" existsata
point x in [0 ) ﬁ] , then one gets that
lim n[(B.f)(x) — f(x)]

— 4 - B0f (1) + B

2

£ 0.

where {B,f} are defined in (1.5).

Theorem : Let f be the integrable and bounded in the
interval [O , ﬁ] and letif f” exists ata pointx +¢t in

[0 , L] , then one gets that
n+1

lim n[(B,,.f)() = flx+ )] = A+ (0 = NOf (x + )

t2—t)

> f x+10)

J’_

where {Bn’x f } are defined in (1.6).

Proof : Since f’’ exists at a point x + ¢ in [0 , ﬁ] , then

by using Taylor’s expansion, we write

fx+y)=fx+t+y—1t)

=fx+O)+@-)f ' (x+¢t)+
+ -y -1t) Y ¢< X <)

where A(y —t) >0 as y-t.
Now for each £ > 0, there corresponds & > 0 such that

Ay -8 <e whernever |y —t| <6.
Again for |y — t| > §, then there exist a positive number M
such that

v-t?

-0l sM< M=

Thus for all y and te [0 , ﬁ] , we get

(y—t)?
62

Ay —-¢t) <+ M e (3.7)

Applying {B,.f} on (3.6), we get

(Bunf)() = Fx + O)(Bux)(0) + F/(x +6) (Buay — ) (©)

S 6o
+ (Bur v - 92— ) ()

n[l+ (p—3)t] -2t
n+1) (n+2)

=flx+)+f(x+1¢)
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n3(2t — t2) + n?[(p? + 11)t2 + (4p — 8)t + 2]
m+1)? n+2) (n+3)
n[(17 — 12p)t? — 6t] + 6t2
mn+1)?2 n+2) (n+3)

fx+1t)
+ 2

2 ksl kik
n(l +1) o-tipe N (L P)EE
n k!
k=0

n

n+i 2
o [ - 070 -y
0
Multiplying n both sides, we get

n[(Bn,xf)(t) - f(x + t)] =
1+ [n3(2[—[2)+n2[(p2+11)t2+(4p 8)t+2] n
(n+1)%2 (n+2) (n+3)
nl17-12pt2-6t+6L2n+12 n+2 n+3ntnknyt say
..(3.8)

n[1+(p—-3)t]—- 2:]
(X + t) [ (n+1) (n+2) +

Here we write,

nR,(y,t)
1\ S (n+p)kek (ari
= n{n(l-{—?—l) e WP”ZT f 129182167
k=0 : 0
—t)2Ay —¢t) dy}
[nR, (¥, )|
1,2 = (n+ p)ek [rr
= nin(l-ﬁ-?—l) e~ (n+p)t TJ’ Pk
k=0 ’ 0

- %Ay —t) dy

1\° O (n+p)ek (rr
< min(14) et N EPLE f Pk Iy
0

k!
k=0

—t)?Ay — t)| dy} . (3.4)

Using (3.2) in equation (3.4), we get

nM
|an(y' t)l = nS(Bn,x(y - t)z)(t) + F (Bn,x(y - 6)4)(t)
1 nM 1
<neo(3)+ 57 o (53)

M 1
<s+§o()

M 1
[nR, v, )| <& +—+ o(—)
n /2

n

<g¢ +Mo(%).

Since ¢ is arbitrary and small, we get
[nR,(¥,t)| > 0 as n-— oo,

Thus

}li_rf\ln[(Bn,xf)(t) - f(x + t)]

=1+ @-3)Of (x+t)+ fx+0).

t(2—1t)
2

This completes the proof.
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